
Inverse Theory Week 5:Pro�les � how good is our estimate?Hugh C. PumphreyNovember 5, 20081 Understanding the Covari-an
e matrix.We saw in the previous le
ture that for a pro�leretrieval problem, a Maximum A-postiori Probabil-ity (MAP) formula 
an give us a useful estimateof the true pro�le. In this le
ture we look at howgood our estimate is. We 
ontinue using our nadirtemperature-sounding example but we let the a pri-ori 
ovarian
e matrix Sa be a diagonal matrix �this is not ne
essarily the best 
hoi
e, but it is thesimplest. As before, we let the measurements y berelated to the true pro�le xt by y = Kxt +ε, wherethe experimental error ε is a random ve
tor withzero mean and 
ovarian
e matrix Sy. Our best es-timate x̂ of the true pro�le is then given by
x̂ = (S−1

a + KT S−1

y K)−1(S−1

a xa + KTS−1

y y) (1)and its 
ovarian
e matrix Ŝ is given by:
Ŝ = (S−1

a + KTS−1

y K)−1. (2)This matrix 
ontains all that we know about howgood x̂ is � in this se
tion we look in detail at whatit tells us. The simplest part of the informationis 
ontained in the diagonal elements of Ŝ. Theseare the varian
es of the elements of the pro�le - we
an take their square roots to �nd the standard de-viation of x̂. As in the previous le
ture, we havetaken a pro�le xt whi
h we regard as true, gener-ated some radian
es y from it using y = Kxt + ε,and then used equations 1 and 2 to �nd the bestestimate that we 
an make of the pro�le, given theradian
es. For this example I have assumed thatthe measurement error is 0.1 K and that Sy is di-agonal. The a priori pro�le xa is 250 K at all al-titudes. The diagonal elements of Sa are (80 K)2and the o�-diagonal elements are exa
tly zero. Theretrieval is su

essful in that the retrieved pro�le isless than 5 K from the true one over mu
h of thepro�le, while the a priori is up to 50 K from thetrue pro�le. On examining Ŝ, we �nd that the di-agonal elements are no smaller than (70 K)2, notmu
h of a redu
tion on the (80 K)2 of the a priori.The o�-diagonal elements, however, have 
hangeda great deal. We 
an make a good guess at what is
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Figure 1: Errors in the Maximum A-postiori Prob-ability solution. The solid line is the true pro�le,the dashed line near it is the Maximum A-postioriProbability solution and the dot-dash line is the apriori. The thin lines are the square roots of thediagonal elements of Ŝ and Sa, used as error bars.The very thi
k lines on the left of the �gure are thesame things plotted dire
tly.happening here. The radian
es 
ontain informationabout the large-s
ale stru
ture of the pro�le, butnot about any small-s
ale features. As an example,I have re-run the test, with a large wiggle added tothe true pro�le - the results are shown in Figure 2.The large diagonal elements in Ŝ are 
learly tellingus that there might be wiggles like this whi
h theinstrument 
annot dete
t. In order to understandhow good our solution is, we will have to take theo�-diagonal elements of Ŝ into a

ount.One way to do this is to take the eigenvalues λiand eigenve
tors zi of Ŝ. These are de�ned by theequation Ŝzi = λizi. If Ŝ is symmetri
 (as 
ovari-an
e matri
es all are) then a standard result in ma-trix algebra states that λi are real and that zi areorthogonal to ea
h other. We 
an therefore write Ŝas
Ŝ =

n∑

i=1

λiziz
T
i =

n∑

i=1

lil
T
i1
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Figure 2: Exa
tly as Figure 1 ex
ept for the wiggleon the true pro�le. The instrument's limited abilityto dete
t su
h features means that this wiggle doesnot appear fully in the retrieved pro�le.where li = λ
1

2

i zi. This in turn means that in anyone retrieval, the di�eren
e between the true andretrieved pro�les is given by
x̂ − xt =

n∑

n=1

ailiwhere the ai are random numbers with means of0 and varian
es of 1. Figure 3 shows the eigen-values and eigenve
tors for our example retrieval.Note that the �rst 11 eigenvalues have square rootsranging from 0.2 to 10 and all the other eigenvalueshave square roots of 80. What is happening here isthat the error is made of n orthogonal 
omponents.Our 11 measurements have given 11 of these smallto medium errors, the others all have the same largeerrors they had before we made the measurements.The shapes of the eigenve
tors tell us what thingswe know well about the pro�le and what things wedon't know well. Note that the �rst few eigenval-ues are less than (0.5 K)2 and that the 
orrespond-ing eigenvalues are very smooth. This means thatwe know the smooth features of the pro�le to lessthan ±0.5 K. The 10th and 11th eigenvalues are
(5.9 K)2 and (10 K)2 and the 
orresponding eigen-ve
tors have wiggles with a wavelength of 8 or 10km at the top and bottom of the pro�le. We there-fore know about this sort of feature in the pro�leonly to an a

ura
y of ±6 K or 10 K. The remain-ing eigenve
tors have very wiggly shapes: the in-strument 
annot tell us about features with theseshapes in the pro�le.
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 0.19
 0.24
 0.37
 0.48
 0.61
 0.85
 1.73
 1.92
 3.58
 5.86
 9.87
80.00
80.00Figure 3: Upper �gure shows the square roots ofthe 14 smallest eigenvalues of Ŝ, lower one showstheir eigenve
tors.2 Resolution and the Averag-ing KernelsThe 
ovarian
e matrix of the retrieved pro�le tellsus about how pre
ise we 
an expe
t the pro�le to be.In this se
tion, we 
onsider how mu
h resemblan
ethere is between the true pro�le and the retrievedone. We know that for a parti
ular measurement

y = Kxt + ε, where ε is a random ve
tor with zeromean and with 
ovarian
e matrix Sy. We also knowthat that x̂ = xa + D(y − Kxa). Putting thesetogether, we �nd that
x̂ = xa + DK(xt − xa) + Dε. (3)This makes it 
lear why it is undesirable for the
ontribution matrix D to have very large elements:the retrieved pro�le 
ontains the measurement er-ror multiplied by D. The matrix DK = dx̂

dxt

= A is
alled the averaging kernel matrix. The rows of Aare 
alled averaging kernels and 
an be thought of2



as smoothing fun
tions: in the absen
e of noise thes
alar produ
t of the j th row of A with xt givesyou the j th element of x̂. The j th averaging kernelshould fun
tions have a peak at the j th element �the width of this peak is an indi
ation of the verti
alresolution of the instrument. Figure 4 shows the av-eraging kernels for our example retrieval. The width
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Figure 4: Averaging kernels for our example re-trieval. There is one of these fun
tions for everyelement in the pro�le. Only the kernel for every�fth element of x (i.e. every �fth row of A) is shownin the �gure.of the averaging kernels is a measure of the verti
alresolution of the instrument. Features in the pro�lewhi
h are mu
h broader than the averaging kernelwidth will be measured well while features mu
hnarrower than the averaging kernel width will besmoothed out in the retrieved pro�le. The width ofthe kernel 
an be measured in various ways. A sim-ple measure is the full width of the peak at half ofits height (often abbreviated as FWHH). This mea-sure does not take a

ount of the ripples on eitherside of the main peak. Another way to 
al
ulatethe width of a fun
tion is to use the Ba
kus-Gilbertspread. If we regard a single averaging kernel as afun
tion a(z) where z is altitude, the spread of thefun
tion about a height z0 is de�ned as:
s(z0) =

12
∫
(z − z0)

2a(z)2dz

(
∫

a(z) dz)2
. (4)The fa
tor of 12 assures that the spread of a �top-hat� or �box
ar� fun
tion is equal to its width. Fig-ures 5 and 6 show the spread and the FWHH oftwo simple fun
tions. When 
al
ulating the spreadof averaging kernels we take z0 to be the height towhi
h the averaging kernel refers. For fun
tions likeGaussians and box
ars, the B-G spread is similarto the FWHH. For fun
tions whi
h os
illate and gonegative, the B-G spread tends to be mu
h largerthan the FWHH. Figure 7 shows both spreads for
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Figure 5: A top-hat fun
tion. The FWHH (thindashed line) and B-G spread (thi
k line) are thesame.
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Figure 6: A wiggly fun
tion. Now the B-G spread(thi
k line) is mu
h larger than the FWHH.
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the averaging kernels of Figure 4. The FWHH is
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Figure 7: The width of the averaging kernels inFigure 4 as a fun
tion of height. The solid line isthe Ba
kus-Gilbert spread and the dashed line isthe full width at half height.a rather optimisti
 estimate of the verti
al resolu-tion. The B-G spread, on the other hand, is 
learlya rather pessimisti
 estimate. I in
lude it to demon-strate that when someone tells you how wide a peakis, you should make sure that you know what theymean by the width.Equation 3 shows that the retrieved pro�le is thesum of:1. The a priori.2. The di�eren
e between the a priori and thetrue pro�le, smoothed by the averaging kernelmatrix A.3. The measurement errors, multiplied by the
ontribution fun
tion matrix D.Writing the pro�le like this helps us to see the var-ious sour
es of error. It be
omes 
learer if we re-write Equation 3 as:
x̂ − xt = (I − A)(xa − xt) + Dε.This shows that the di�eren
e between the true andretrieved pro�le 
an be broken down into two sep-arate terms. The se
ond term is the measurementerror, the �rst is often termed the smoothing errorand a

ounts for the things whi
h the instrument
annot see.In early instruments, whi
h had noisy dete
torsand few 
hannels, these two terms were the onlyones it was important to 
onsider. In more moderninstruments the measurement noise may be smalland te
hniques like limb sounding whi
h have highverti
al resolution, 
an make the smoothing errorsmall as well. In this 
ase, we may need to 
onsider

other sour
es of error su
h as ina

ura
ies in theforward model.We have now looked at the Maximum A-posteriori Probability solution in great detail. Wehave seen that it is in some sense the best solutionand have examined how good the answer it gives is.We have also seen that it requires an a priori pro�leand its 
ovarian
e matrix. In the next two le
tureswe will 
onsider where you might obtain a prioriinformation from. We will also look at some of thealternative methods that 
an be used for retrievingpro�les, some of whi
h do not require an a priori.
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