
Inverse Theory Week 4 part 2:Pro�le retrievals - the Maximum A-posteriori Probability (MAP)SolutionHugh C. PumphreyNovember 5, 20081 Introdu
tion.In the previous two le
tures we 
onsidered the nadirsounding of a temperature pro�le and dis
overed that itwas harder to do than we might have thought. In this le
-ture, we will �nd out how we 
an make a useful estimateof a pro�le. We will step ba
k a little from the tempera-ture example and 
onsider a more general 
ase, applyingour results to the temperature 
ase as an example. Wewill 
all the pro�le we want to measure x - this is a list of
n numbers at reasonably 
losely-spa
ed altitudes, perhaps1 km apart. We will let the list of m numbers that we
an measure be y - in the nadir sounding of temperatureexample this would be the measurements of upwelling ra-diation at m di�erent frequen
ies. We will suppose thatwe understand the radiative transfer so that given x we
an 
al
ulate y. We will hide the details of this by writing

y = F (x) (1)where the fun
tion F is 
alled the forward model. In many
ases we 
an use a linear approximation:
y − yL = K(x − xL) (2)where yL = F (xL) with xL being a typi
al pro�le aboutwhi
h we have linearised. Equation 2 looks like a set ofsimultaneous equations but it has n unknowns and only

m equations. We saw in the previous le
tures that mak-ing x have only m elements does not lead to satisfa
torysolutions. Building an instrument with n 
hannels doesn'ttend to help either, as the in�uen
e fun
tions would over-lap ea
h other a great deal. Also, it would be impra
ti
aland expensive.

2 The Bayesian View.Let's look at the problem from a di�erent perspe
tive. We
an look at x and y as ve
tor random variables. We de-s
ribe a ve
tor random variable by its Probability DensityFun
tion (PDF). Before we make the measurement, x hasa PDF whi
h we will write as P (x) and y has one whi
hwe write as P (y). On
e we have made the measurementwe have a spe
i�
 value of y and the PDF of x is now
P (x|y). Now Bayes' theorem tells us that :

P (x|y) =
P (y|x)P (x)

P (y)
.In theory, we 
an 
al
ulate P (y|x) using the forwardmodel and what we know about noise in our instrument.The formula not mu
h use as it stands - we don't reallywant a PDF, we want an estimate of the pro�le. One obvi-ous thing to do is try to �nd the pro�le x̂ for whi
h P (x|y)has the largest possible value. This is the most probablevalue for x; a method whi
h �nds su
h a value is 
alled aMaximum A-posteriori Probability (MAP) method.1 Tomake useful progress, we have to assume some form for thevarious PDFs. The usual assumption is that they are allNormal distributions or Gaussians - for a random ve
tor

v the Normal distribution takes the form:
P (v) =

1

(2π)
n

2 |S|
1

2

exp

(

−
1

2
(v − v)TS−1(v − v)

)where v̄ is the mean value of v and S is its 
ovarian
ematrix. By taking the natural logarithm of this equation1Older text books 
all this a Maximum Likelihood method. CliveRodgers, author of Inverse Methods for Atmospheri
 Sounding:Theory and Pra
tise, 
laims that this usage is in
orre
t and Maxi-mum A-Postiori Probability is the 
orre
t term.1



we 
an express P (v) like this:
−2 lnP (v) = (v − v)T S−1(v − v) + c1 (3)where c1 is a 
onstant whi
h doesn't depend on v. Notethat at v = v̄, P (v) has a maximum and −2 lnP (v) hasa minimum. We now pro
eed to write the various termsin Bayes' theorem in this form. P (x) is given by:
−2 lnP (x) = (x − xa)T S−1

a (x − xa) + c2 (4)where xa is the a priori pro�le, our best estimate of thepro�le before we make the measurement. P (y|x) is givenby
−2 lnP (y|x) = (y − F (x))T S−1

y (y − F (x)) + c3 (5)in whi
h the most likely value of y for a given value of x isthe one you get by applying the forward model to x. Thespread of y about this value is given by the experimentalerrors whi
h have a 
ovarian
e matrix Sy. From Bayes'theorem we 
an see that
−2 lnP (x|y) + c4 = (x − xa)T S−1

a (x − xa)
+(y − F (x))T S−1

y (y − F (x))(6)where c4 has swallowed up c2, c3 and P (y). To �nd ourMAP solution, we just have to �nd whi
hever x makesthe right-hand side of Equation 6 as small as possible2.Note that this is good intuitively. A term of the form
zT Mz like the right-hand side of Equation 4 is 
alled aquadrati
 form. If the matrix in the middle is symmetri
and positive de�nite (as all good 
ovarian
e matri
es are)then the lowest value a quadrati
 form 
an take on is zeroand that only happens when z is a ve
tor of zeros. Byminimising Equation 6 we are trying to a
hieve a balan
ebetween a solution whi
h is like the a priori and one whi
hagrees exa
tly with the measurements. Note that if theproblem is under-
onstrained there are many possible xswhi
h would make the se
ond term in Equation 6 be zerobut only x = xa will make the �rst term be zero. Notealso that the solution whi
h minimises the 
ost fun
tion isnot usually one that makes either term zero. That meansthat, unlike the other solutions we have tried3, it is notan exa
t solution � F (x̂) 6= y. There is no reason that weshould demand an exa
t solution with F (x̂)−y = 0, all we2A fun
tion like this whi
h we minimise is often referred to as a�
ost fun
tion� in the remote sensing literature.3With the obvious ex
eption of the least-squares solution when
m > n.


an reasonably ask is that F (x̂)− y is of a size 
onsistentwith the experimental errors.The sum of two quadrati
 forms is another quadrati
form so we 
an write P (x|y) as
−2 lnP (x|y) = (x − x̂)T Ŝ−1(x − x̂) + c4 (7)where x̂ is the MAP pro�le we are looking for and Ŝ is its
ovarian
e matrix. In the 
ase where the forward model

F is linear we 
an �nd a formula for x̂. To make theequations look simpler we'll assume that x0 and y0 areboth zero ve
tors so that Equation 2 be
omes simply y =
Kx.4 Now Equation 6 be
omes
(x − x̂)T Ŝ−1(x − x̂) + c4 = (x − xa)TS−1

a (x − xa)
+(y − Kx)T S−1

y (y − Kx)(8)If we multiply out the right-hand sides of 8 and 7 andequate the quadrati
 terms in x, we get:
xT Ŝ−1x = xT S−1

a x + xTKT S−1

y Kxand hen
e
Ŝ−1 = S−1

a + KTS−1

y K. (9)We next equate the terms linear in xT to give :
xT Ŝ−1x̂ = xT S−1

a xa + (Kx)TSyywhi
h on 
an
elling xT and substituting for Ŝ from Equa-tion 9 gives:
(S−1

a + KTS−1

y K)x̂ = S−1

a xa + KTSyyand hen
e
x̂ = (S−1

a + KTS−1

y K)−1(S−1

a xa + KTS−1

y y). (10)and that's it. We now have, in equations 9 and 10 astraightforward re
ipe into whi
h we 
an plug our mea-surements y, our a priori pro�le xa and their 
ovarian
ematri
es and obtain our Maximum A-posteriori Proba-bility pro�le x̂ and its 
ovarian
e matrix. Equation 10 issimilar in form to the equation we saw in the se
ond intro-du
tory le
ture of this term for 
ombining two estimatesof a random variable. We 
an make this more obvious asfollows. If the problem is under-
onstrained we 
an �ndlots of exa
t solutions � lots of values of x for whi
h F (x)equals our measurements y exa
tly. We just need to �nd4If they are not, you 
an always 
hoose a new x and y equal to
x− x0 and y − y0 respe
tively.2



a matrix De for whi
h KDe = I and hen
e y = K(Dey).( De = KT (KKT )−1is just one possibility). Now we 
anrewrite Equation 10 as
x̂ = (S−1

a + KTS−1

y K)−1(S−1

a xa + KTS−1

y K(Dey))and we 
an see that we are 
ombining two estimates of x:one is the a priori xa with 
ovarian
e Sa and the otheris an exa
t solution Dey with a 
ovarian
e matrix whoseinverse is given by KTS−1
y K. For an under-
onstrainedproblem this matrix will always be singular - this tells usthat there are some features of the exa
t solution Deywhi
h have in�nite varian
e - we do not know them at all.In the MAP solution x̂ all information about these features
omes from the a priori. We know no more about themthan we did before we made the measurement. Equa-tion 10 
an be re-written in several forms of whi
h themost useful are:

x̂ = xa + (S−1

a + KTS−1

y K)−1KTS−1

y (y − Kxa) (11)and
x̂ = xa + SaK

T (KSaK
T + Sy)−1(y − Kxa) (12)Equation 12 is known as the m-form of the equation be-
ause the matrix to be inverted is an m × m matrix -for under-
onstrained problems this will be easier to dothan inverting the n × n matri
es in Equation 11 (whi
his known as the n-form of the equation).3 An Example of a MAP Solution.Now let's see how it works. I use the same imaginary mi-
rowave nadir sounder as in the previous le
ture. We usethe same �true� pro�le xt and, as before, we generate someradian
es y using the equation y = Kxt + ε. Here, ε arethe experimental errors; a random ve
tor with zero meanand 
ovarian
e matrix Sy. We assume that Sy is diagonali.e. there is no 
orrelation between the 
hannels. Insteadof using a polynomial (or other) representation as we didin the previous le
ture, we apply Equation 12. To do this,we need an a priori pro�le xa and its 
ovarian
e matrix

Sa. For simpli
ity we'll assume that xa is an isothermalpro�le with a temperature of 250 K±50K at all altitudes� Sa therefore has diagonal elements Sii = (50K)2. Theo�-diagonal elements of Sa are not zero, we let them be
Sij =

√

SiiSjj exp

(

−(zi − zj)
2

z2
s

)

where zi is the altitude of the ith element of the pro�leand zs is a �smoothing length� � we use 0.2 in log pressureunits - about 3km. By doing this we are e�e
tively sayingthat we know in advan
e that bits of the pro�le within3 km of ea
h other are highly 
orrelated and bits furtherapart than this are not. We 
an't apply the formula ifwe assume there is no noise on the measurements, but we
an assume that it is very small, 0.0001K, say. In this
ase Equation 12 gives the result shown in Figure 1. Now
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Figure 1: Maximum A-posteriori Probability (MAP)retrieval for an idealised 11-
hannel mi
rowave nadirsounder. Thi
k solid line: true pro�le, thi
k dashed line:retrieved pro�le, thi
k dot-dash line: a priori. Note howthe pro�le reverts to the a priori at the top and bottomof the pro�le where the measurements provide no infor-mation. The thin lines are the measurements, plotted atthe peaks of the weighting fun
tions.we try adding 1 K of random noise to our measurements,the result is shown in Figure 2. The retrieved pro�le isworse, now, but we must remember that when we triedusing polynomials as representation fun
tions, the pro�lehad os
illations of several hundred Kelvin. This is 
learlyan improvement. Another way to see this is to look at the
ontribution fun
tions whi
h are shown in Figure 3. The
ontribution fun
tion matrix D for any retrieval methodis given by D = dx̂
dy
. It is essentially what you have tomultiply the radian
es by to get the solution. For theMaximum A-posteriori Probability solution, D 
an be ob-3
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Figure 2: As Figure 1 but with 1 K noise on the measure-ments.tained by re-writing Equation 12 as
x̂ = xa + D(y − Kxa)so that D is given by D = SaK

T (KSaK
T + Sy)−1.The 
ontribution fun
tions for the maximum A-posterioriProbability solution are mu
h better behaved than theones for the exa
t solution using a polynomial representa-tion. They are even somewhat better than the ones for therepresentation fun
tion solution using the in�uen
e fun
-tions as a representation. More importantly, we a
hievedthis without having to make an arbitrary 
hoi
e of a rep-resentation basis.4 Summary.We have in the MAP solution a formula with the followingadvantages:1. It works.2. It has a sound statisti
al foundation.3. It makes intuitive sense as a weighted 
ombination ofthe a priori with an exa
t solution.4. You don't have to de
ide in advan
e on a suitablerepresentation.
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Figure 3: Contribution fun
tions for the Maximum A-posteriori Probability Retrieval. These should be 
om-pared with the ones shown in the previous le
ture for thevarious representation fun
tion solutions. With the Max-imum A-posteriori Probability solution, we no longer gethuge values for the 
ontribution fun
tions at the top andbottom of the pro�le.5. You get an estimate of the error along with the re-trieved pro�le.We have the following 
aveat:
• You need an a priori pro�le and its 
ovarian
e matrixbefore you 
an use the formula.We will have to quantify exa
tly how good our retrievedpro�le is. This 
an be done by making a 
areful analysisof Ŝ, the 
ovarian
e matrix of the retrieved pro�le. Thisis the subje
t of the next le
ture.
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