
Inverse Theory week 6 and 7: A priori informationHow to get it and how to avoid it.Hugh C. PumphreyNovember 5, 20081 The a priori pro�le: where 
anyou get one?We have seen in the previous le
tures that the MaximumA-posteriori Probability (MAP) solution is a good wayof estimating atmospheri
 pro�les from remotely senseddata. The formula is essentially a 
ombination of two dif-ferent estimates of the pro�le: an exa
t solution (whi
h
ontains all the information in the measurements) andan a priori (whi
h spe
i�es what we knew before themeasurements were made). It is therefore an obvious�feature� of the Maximum A-posteriori Probability solu-tion that you need to have an a priori before you use it.In this se
tion, we will look at where you might get ana priori pro�le from.1.1 Guess.If you know nothing about your pro�le before you makethe measurements, you might have to do this. This iswhat I did for the nadir temperature-sounder example Ihave been using for this 
ourse. One should guess sen-sibly. We know that the temperature at the surfa
e isabout 300 K. We know it gets 
older as you go up. Itseems unlikely that the temperature will be less than170 K or greater than 330 K so I 
hose a 
onstant valueof 250 K with a standard deviation of 80 K at all heights.We will look later at a formula 
alled the Twomey-Tikhonov formula whi
h enables you to do without a pri-ori. If you really know nothing, this might be a betteridea than using the Maximum A-posteriori Probabilitysolution with a badly guessed a priori.1.2 Use a Climatology.This is a name used for the average value of the pro�leover the last few years. Depending on what your pro�le

is a pro�le of, you may �nd 
limatologies of various 
om-plexities. At the simplest level, you might use a globalmean of all the pro�les you 
an �nd, as measured byvarious other instruments. A more sophisti
ated 
lima-tology might have di�erent pro�les for di�erent seasonsand latitudes.1.3 Use a fore
ast.You might �nd that a meteorologi
al servi
e providesfore
asts of the quantity that you are trying to measure.1.4 Use a pro�le you retrieved earlier - aKalman Filter.This one is more subtle, and worth looking at in somemore detail. Suppose that your temperature soundermeasures a pro�le whi
h is typi
al for a heat wave. Youwould not expe
t the next pro�le along to be typi
al ofa hard freeze. It therefore makes some sense to use theretrieved pro�le from one s
an as the a priori for thenext. For the a priori 
ovarian
e, we need to estimatehow qui
kly the atmosphere is likely to 
hange from onepixel to the next. Let's use the subs
ript i to indi
atewhi
h pro�le along the measurement tra
k we are talkingabout. Our model of the situation is therefore like this:
yi = Kixi + εi (1)

xi = Mixi−1 + zi (2)Equation 1 is the linearised forward model, relating the
i th set of measurements yi to the i th pro�le xi; ε is themeasurement error with 
ovarian
e matrix Sy. Equa-tion 2 is the equation used to predi
t the i th pro�lefrom the i − 1 th pro�le. In the simple 
ase where youpredi
t that the next pro�le will be just like this one,1



M is simply a unit matrix. One 
an, however, imaginemore sophisti
ated predi
tors whi
h might perhaps varywith latitude. The predi
tion error, z, has a 
ovarian
ematrix Sz. We generate an a priori for the i th pro�lethus:
xai = Mix̂i−1

Sai = MiŜi−1M
T
i + Szi.We then use these in the usual Maximum A-posterioriProbability formula (whi
h I have written in the m-form)to estimate the i th pro�le:

Di = SaiK
T
i (KiSaiK

T
i + Sy)−1

x̂i = xai + Di(yi − Kixai)

Ŝi = Sai − DiKiSaiThis approa
h is 
alled a Kalman Filter and is found inmany other areas of engineering. Of 
ourse, we need toprovide an a priori for the �rst pro�le to set the Kalman�lter going, but this 
an be a very rough guess with largeerror bars. On
e the �lter has run past a few pro�les, xaiand Sai will settle down to sensible values, provided thatyou have made sensible 
hoi
es for Sz and M.1.5 Dire
t RegressionWe have 
onsidered what we might do if we have limiteda priori information. Now we 
onsider what we 
oulddo if we had no forward model, that is, no matrix K.Imagine that we had an instrument whi
h we knew wassensitive to the temperature but that we had forgottento 
alibrate it properly or found that the radiative trans-fer modelling was far too di�
ult to do a

urately. Nowsuppose, however, that in a very limited sub-set of thepla
es where we make satellite measurements, we alsohave measurements from another sour
e: weather bal-loons, perhaps. We 
an do without a physi
al forwardmodel now, be
ause we 
an 
ompare the satellite andballoon measurements where we have both to establish arelationship between the radian
es y and the pro�le x .This approa
h is similar in essen
e to supervised 
lassi-�
ation, be
ause we are using a �training set� of pro�leswhere we know the answer in order to estimate what theatmosphere is like in pla
es where we have the remotesensing data only.Suppose we have a reasonably large ensemble of N
ases where we have a set of radian
es yi and a pro�le

xi. As usual, we let the mean value of all the sets ofradian
es be de�ned bȳ
y =

1

N

N
∑

j=0

yiand the mean of all the measured pro�les be
x̄ =

1

N

N
∑

j=0

xi.We will let our estimate of a pro�le where we don't havemeasurements be of the form
x̂ = x̄ + D(y − ȳ). (3)We want to �nd D su
h that if we apply Equation 3 tothe 
ases where we know the answer, then, on average,the mean distan
e between our estimates and the truepro�les will be as small as possible. This in turn meansthat we want the quantity:

C =
1

N

N
∑

j=1

(xi − x̂i)
T (xi − x̂i) (4)to be as small as possible. We substitute Equation 3 intoEquation 4 to give

C =
1

N

N
∑

j=1

(xj−x̄−D(yj−ȳ))T (xj−x̄−D(yj−ȳ)) (5)and then look for the matrix D minimises C. Thismeans that we will have to di�erentiate the s
alar Cwith respe
t to a matrix D. The result will be a ma-trix of the same size as D with elements (

dC
dD

)

ij
= ∂C

∂Dijwhi
h we will set equal to a matrix of zeros, O. Wewill need two results whi
h you 
an prove using suf-�x notation: d
dA

(wT Az) = d
dA

(zT ATw) = wzT and
d

dA
(zT ATAz) = 2AzzT. Letting xj − x̄ = w and

yj − ȳ = z we 
an write Equation 5 as:
C =

1

N

N
∑

j=1

(w − Dz)T (w − Dz). (6)Expanding the bra
kets gives:
C =

1

N

N
∑

j=1

wT w − wT Dz − zT DTw + zT DTDz2



and then di�erentiating and setting equal to O gives:
O =

2

N

N
∑

j=1

DzzT − wzT .and hen
e
N

∑

j=1

DzzT =

N
∑

j=1

wzT .Now, D is a 
onstant as far as the sums go, so we 
antake it out of the bra
ket and obtain
D =





N
∑

j=1

wzT









N
∑

j=1

zzT





−1

.Substituting in for z and w gives:
D =





N
∑

j=1

(xj − x̄)(yj − ȳ)T









N
∑

j=1

(yj − ȳ)(yj − ȳ)T





−1(7)and that is our answer. We 
an take the list of pro-�les measured by the balloons, xj , the 
oin
ident setsof satellite measurements, yj , put them into Equation 7and 
al
ulate a set of 
ontribution fun
tions D whi
hwe 
an then use in Equation 3 to obtain pro�les for thepla
es where we have satellite measurements but no bal-loon measurements. So, if we have a su�
ient �trainingset� we 
an do without a forward model.It is instru
tive to see what happens if we imagine us-ing this method in a 
ase where we do have a forwardmodel. We take a representative set of pro�les xi but in-stead of using real measurements from some other instru-ment, we assume that the radian
es yi would be givenby yi = Kxi + εi where εi is a ve
tor of measurementnoise with 
ovarian
e matrix Sy. The se
ond bra
ket ofEquation 7 now be
omes:
N

∑

j=1

(Kxj − Kx̄ + εi)(Kxj − Kx̄ + εi)
T

= K





N
∑

j=1

(xj − x̄)(xj − x̄)T



KT +

N
∑

j=1

εiε
T
iwhere we have used the fa
t that the mean value of ε iszero and thrown away terms with one power of ε. Thequantity in the square bra
kets is just the 
ovarian
e ma-trix of the training set of pro�les about their mean whi
h

we will 
all Sx and so the whole of the se
ond bra
ketfrom Equation 7 is KSxK
T +Sy. We 
an expand the �rstbra
ket of Equation 7 in a similar way to give SxK

T sothat D is given by
D = SxK

T (KSxK
T + Sy)−1.and the retrieval formula, Equation 3, be
omes

x̂ = x̄ + SxK
T (KSxK

T + Sy)
−1(y − Kx̄)But this is exa
tly the same as the m-form of the Maxi-mum A-posteriori Probability solution, with the trainingset used as the a priori. What we have learned fromthis is that a regression against another set of measure-ments gives us exa
tly the same formula as we wouldhave got if we had a forward model and used the Max-imum A-posteriori Probability formula, with that set ofmeasurements providing the a priori.2 Other retrieval formulae.The Maximum A-posteriori Probability formula is justi-�ably popular on a

ount of its statisti
al rigour, amongother reasons. You do need an a priori pro�le and its 
o-varian
e matrix before you 
an apply the formula. Manyother formulae have been used for retrieval problems andmany of these require less in the way of a priori infor-mation. We look at some of these in this se
tion. Someof these are of histori
al interest only, others are used forspe
i�
 types of instrument.2.1 Over-
onstrained problems:Weighted Least Squares.Most nadir-sounding problems are sho
kingly under-
onstrained, as we have seen. This is not true of everyremote sensing problem, however. Limb sounding in-struments (espe
ially solar o

ultation instruments) of-ten measure radian
es at tangent heights less than 1 kmapart and may measure at several frequen
ies for ea
htangent height. There may therefore be several timesmore measurements than there are elements in the pro-�le. There is nothing in the derivation of the MaximumA-posteriori Probability formula whi
h insists that theproblem must be under-
onstrained. Applying Bayes'theorem to su
h a problem still leads to the minimisa-tion of the fun
tion

−2 lnP (x|y) + c4 = (x − xa)T S−1
a (x − xa)

+(y − Kx)TS−1

y (y − Kx)(8)3



and the Maximum A-posteriori Probability formula
x̂ = (S−1

a + KT S−1

y K)−1(S−1

a xa + KTS−1

y y). (9)
an be used to do this exa
tly as one would if the problemwas under-
onstrained. The di�eren
e is that be
ause yhas more elements than x, the matrix KTS−1

y K may notbe singular (although this is not guaranteed!). If you 
aninvert KTS−1

y K then the a priori is not ne
essary. Thequantity to be minimised is (y−Kx)T S−1

y (y−Kx) andthe solution redu
es to
x̂ = (KT S−1

y K)−1(KT S−1

y y). (10)This is a weighted least-squares �t to the data. If themeasurement errors in the various 
hannels are un
orel-lated and all of the same size then we 
an minimise thesimpler quantity (y − Kx)T (y − Kx) giving the simpleleast-squares �t:
x̂ = (KTK)−1(KT y). (11)2.2 Twomey-Tikhonov formula.This formula is used for under-
onstrained problems. Itis obtained by minimising the fun
tion

C(x) = (x−xa)T H(x−xa)+γ(y−Kx)T (y−Kx) (12)in whi
h xa is an a priori pro�le. The matrixH is usuallytaken to be a unit matrix in whi
h 
ase the minimisationtrades o� the departure of x from xa and the departure of
Kx from the measurements y. The parameter γ is usu-ally tuned by hand to a
hieve a satisfa
tory tradeo�. If
H is a unit matrix then this formula is a simpli�
ation ofthe Maximum A-posteriori Probability formula in whi
h
Sa and Sy are both multiples of a unit matrix. To �ndthe formula whi
h minimises C(x), we need to di�erenti-ate C with respe
t to x and set the result to be a ve
torof zeros. We need to think a bit 
arefully before di�er-entiating a s
alar with respe
t to a ve
tor. The resultwill be a ve
tor with (

dC
dx

)

i
= ∂C

∂xi
. The two results wewill need are that d

dx
(bTx) = b and d

dx
(xT Ax) = 2Ax,where b is any 
onstant ve
tor and A is any 
onstantsymmetri
 matrix. You 
an 
hoose to have dC

dx
be eithera row or a 
olumn ve
tor and you may have to arbitrarilytake the transpose of some of the terms to make them allrows or all 
olumns. With this in mind, we 
an expandEquation 12 to read

C(x) = xTHx − xT
a Hx− xT Hxa + xT

a Hxa

+yT y − yT Kx − xT KTy + xT KTKx

and di�erentiate it to get :
dC

dx
= 2Hx− 2Hxa + 2γ(KTKx − KTy).We next set this equal to zero, divide by 2γ, and re-arrange it like this

0 = (γ−1H + KTK)x̂ − (KTy + γ−1Hxa)and hen
e1:
x̂ = (γ−1H + KTK)−1(KT y + γ−1Hxa).A little more re-arrangement will put the equation in theform:̂

x = xa + (γ−1H + KT K)−1KT (y − Kxa). (13)This formula 
an be used in various ways. If H is a unitmatrix then the �rst term in Equation 12 tries to make
x̂ 
lose to the a priori. If H is like this:























1 −2 1
−2 5 −4 1
1 −4 6 −4 1

1 −4 6 −4 1
1 −4 6 −4 · · ·

1 −4 6 · · ·... ... . . .




















then the e�e
t of the �rst term in Equation 12 is to tryto make the pro�le smooth. In this 
ase, the value 
ho-sen for xa has little e�e
t ex
ept at the top and bot-tom of the pro�le. Figure 1 shows the result of usingthe Twomey-Tikhonov formula with H = I on our usualnadir sounding example. It 
an be seen that using γ = 1or γ = 10 gives a solution whi
h is too smooth and too
lose to the a priori while a value of γ = 100000 gives arather wiggly solution. This formula is really very simi-lar to the Maximum A-posteriori Probability formula. Ithas the advantages of simpli
ity and not requiring a pri-ori 
ovarian
e matri
es. With some 
hoi
es of H youdon't need an a priori pro�le either. The disadvantagesare that γ must be tuned by hand and that you get noestimate of the error of the pro�le.1The maximum likelihood formula, Equation 9 
an also be de-rived like this by di�erentiating Equation 8 and setting the resultto 0. Try it - it would be good pra
ti
e!4
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Figure 1: This �gure shows the result of applying Equa-tion 13 to the nadir-sounding example we have used be-fore. The dashed lines of various thi
knesses are solutionsfor di�erent values of γ. The dot-dash line is the a priori.2.3 The Ba
kus-Gilbert method.(Not on syllabus for 2005-6 or after. Notes left here forinterest.) We have seen how a lot of solutions are a trade-o� of some sort - both the Maximum A-posteriori Prob-ability and Twomey-Tikhonov formulae trade o� agree-ment with the measurements against agreement with thea priori. If we have no a priori knowledge we might 
on-sider that we should admit that we 
annot retrieve thepro�le but that we might have enough information inthe measurements alone to get a smoothed version of thepro�le. We 
an do this by 
onsidering the averaging ker-nels and trying to �nd a set of 
ontribution fun
tionswhi
h give you averaging kernels with the smallest pos-sible spread. We de�ned the spread of a fun
tion a(z)about a height z0 as:
s(z0) = 12

∫

(z − z0)
2a(z)2dz (14)where the integrals are taken over the whole range of zwhi
h we are interested in. The de�nition requires that

∫

a(z) dz = 1 (15)Be
ause the spread is de�ned in terms of an integral, wewill 
onsider the pro�le x, the rows of K and the 
olumns

of D to be 
ontinuous fun
tions of height x(z) , Ki(z)and Di(z). The subs
ripts i refer to the measurements.We will 
onsider a single height z and try to �nd the setof i numbers Di(z) whi
h gives the averaging kernel forthat height whi
h has the smallest possible spread. Sin
ewe are using 
ontinuous fun
tions, the forward model forthe i th 
hannel be
omes:
yi =

∫

Ki(z
′)x(z′) dz′ + ei (16)and the retrieval be
omes:

x̂(z) =

m
∑

i=1

Di(z)yi (17)Inserting Equation 16 into Equation 17 gives
x̂(z) =

∫

A(z, z′)x(z′)dz′ +

m
∑

i=1

Di(z)eiwith the averaging kernel for altitude z given by
A(z, z′) =

∑m

i=1
Di(z)Ki(z

′). The spread of the aver-aging kernel for height z is given by:
s(z) = 12

∫

[

m
∑

i=1

Di(z)Ki(z
′)

]2

(z − z′)2dz′whi
h 
an be re-written as
s(z) =

m
∑

i=1

m
∑

j=1

Di(z)Qij(z)Dj(z)where the matrix of fun
tions Q depends only on theweighting fun
tions K:
Qij(z) =

∫

(z − z′)2Ki(z
′)Kj(z

′) dz′.We require A to have unit area:
1 =

∫

A(z, z′)dz′ =

∫ m
∑

i=1

Di(z)Ki(z
′)dz′

=

m
∑

i=1

kiDi(z)where ki =
∫

Ki(z
′)dz′. We now need to minimise thespread, with the unit area requirement as a 
onstraint.We do this by the method of Lagrange multipliers:5



∂

∂Dp(z)





m
∑

i=1

m
∑

j=1

Di(z)Qij(z)Dj(z) +

λ(z)

{

m
∑

i=1

Di(z)ki − 1

}]

= 0 (18)At this point we make a 
hange of notation and let the mvalues of Di(z) be an m-element ve
tor d, the m values
ki be the ve
tor k and the m2 numbers Qij be the matrix
Q. Equation 18 now be
omes

∂

∂d

[

dTQd + λ
{

dT k − 1
}]

= 0 (19)whi
h we now have to solve. Di�erentiating gives
2Qd + λk = 0 (20)whi
h is m equations in m+1 unknowns: the m elementsof d plus λ. The 
onstraint kT d = dTk = 1 gives us theone extra equation needed to �nd a solution. We multiplyEquation 20 by Q−1 and re-arrange to give
d = −

λ

2
Q−1k. (21)We then multiply on the left by kT and use the 
onstraintin the form kTd = 1 to give:

1 = −
λ

2
kT Q−1k. (22)Eliminating λ between Equations 21 and 22 gives the�nal answer: .

d =
Q−1k

kTQ−1k
. (23)We now have a formula for the m values of the 
ontri-bution fun
tions at the altitude z. We have to 
al
ulatethis for ea
h of the altitudes in the pro�le. We 
an thenmake up a 
ontribution fun
tion matrix D whose rowsare the ds we 
al
ulated for ea
h altitude. Note that itis only at this point that we dis
retise the pro�le and de-
ide how many elements we will use to represent it. Wethen 
al
ulate the retrieved pro�le using

x̂ = Dy. (24)The retrieval has a noise level given by: σ2(z) = dT Syd.Sin
e we have not given any thought to making the noise

small it is likely to be large if we apply Equation 23 asit stands. We 
an �x this by minimising
∂

∂d

[

dT Qd + λdT k + µdT Syd
]

= 0;sin
e this equation is the same as 19 with Q repla
ed by
Q + µSy the solution will be

d =
(Q + µS)−1k

kT (Q + µS)−1k
. (25)Here, µ is a tradeo� term between verti
al resolution andnoise.How well does this work for our test 
ase? As be-fore, we take a pro�le xt whi
h we regard as true, 
al-
ulate some measurements from it with y = Kx + ε andthen apply Equation 24 to see how good an estimate 
anbe obtained. We �rst try this with the noise level setto zero. The true and retrieved pro�les are shown inFigure 2. Noti
e how, even though we have set µ = 0
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Figure 2: Ba
kus-Gilbert retrieval for our usual test 
ase,with no measurement noise. We have set µ = 0.the retrieved pro�le is smoother than the Maximum A-posteriori Probability solution. The averaging kernelsare shown in Figure 3. It is useful to 
ompare them tothose obtained from the Maximum A-posteriori Proba-bility formula. In Figure 4 we plot the Ba
kus-Gilbertspread of these kernels, along with the Full Width at halfheight. Note that the B-G spread is a
tually less thanthe FWHH, in 
ontrast to the averaging kernels we gotwith the Maximum A-posteriori Probability method.6
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Figure 3: Averaging kernels for a Ba
kus-Gilbert retrievalwith µ = 0. Noti
e how the main peak of ea
h kernel isbroader than in the Maximum A-posteriori Probabilityretrieval but that the wiggles to either side of the mainpeak are mu
h redu
ed.Now let's add 1 K of noise to our measurements andsee what happens. Re
all that this mu
h noise made theexa
t solution go haywire and 
aused errors on the orderof 10 K in the maximum A-posteriori Probability solu-tion. The pro�le is noisier now, as we would expe
t, butthe noise seems of a reasonable size. The 
ontributionfun
tions, shown in Figure 6, 
on�rm that we should ex-pe
t good noise 
hara
teristi
s from this retrieval. Nowthat we have a noisy retrieval, we should see what e�e
tthe tradeo� parameter µ has. Figure 7 is the same asFigure 5 but with µ = 0.03 instead of µ = 0. Note howthe pro�le is less noisy but more smoothed. In order to�nd out what is a good 
hoi
e for µ we 
onsider the aver-aging kernel for a height in the middle of the range and
al
ulate its spread for various values of µ. The averag-ing kernel itself is shown in Figure 8. In Figure 9 we plotthe B-G spread of this averaging kernel against the noiseon the retrieved pro�le.
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Figure 4: Ba
kus Gilbert spread (solid line) and Fullwidth at half height (dashed line) for the Ba
kus-Gilbertretrieval (with µ = 0).
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Figure 5: Ba
kus-Gilbert retrieval with 1 K measurementnoise. The thin dashed lines are the error in the retrievaldue to measurement noise - they don't in
lude smoothingerror.7
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Figure 6: Contribution fun
tions for the Ba
kus-Gilbertretrieval. They are less than 10 everywhere so we shouldexpe
t less than 10 K of noise in the solution if the mea-surement noise is 1 K.
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Figure 7: Figure 5 but with µ = 0.03 instead of µ = 0.
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    30.Figure 8: The averaging kernel for one altitude, for var-ious values of µ.
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Figure 9: Ba
kus-Gilbert spread plotted against retrievalnoise for various values of µ. Clearly, a value of µ whi
h
orresponds to a point near the `knee' of the 
urve willgive a good tradeo�.8


