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Measurement of air-gun bubble oscillations

Anton Ziolkowski∗

ABSTRACT

In this paper, I provide a theoretical basis for a prac-
tical approach to measuring the pressure field of an air
gun array and present an algorithm for computing its
wavefield from pressure measurements made at known
positions in the vicinity of the gun ports. The theory for
the oscillations of a single bubble is essentially a straight-
forward extension of Lamb’s original paper and provides
a continuous, smooth transition from the oscillating wall
of the bubble to the far-field, preserving both the fluid
flow and the acoustic radiation, all to the same accuracy
and valid for bubbles with initial pressures up to about
200 atm (3000 psi or 20 MPa). The simplifying assump-
tion, based on an argument of Lamb, is that the particle
velocity potential obeys the linear acoustic wave equa-
tion. This is used then in the basic dynamic and kinematic
equations to lead, without further approximations, to the

nonlinear equation of motion of the bubble wall and the
wavefield in the water. Given the initial bubble radius,
the initial bubble wall velocity, and the pressure varia-
tion at any point inside or outside the bubble, the algo-
rithm can be used to calculate the bubble motion and
the acoustic wavefield. The interaction among air-gun
bubbles and the resultant total wavefield is formulated
using the notional source concept, in which each bubble
is replaced by an equivalent notional bubble obeying the
same equation of motion but oscillating in water of hy-
drostatic pressure, thus allowing the wavefields of the
notional bubbles to be superposed. A separate calibra-
tion experiment using the same pressure transducers and
firing the guns individually allows the initial values of the
bubble radius and bubble wall velocity to be determined
for each gun. An appendix to the paper provides a test
of the algorithm on real data from a single gun.

INTRODUCTION

This paper presents an algorithm for computing the wave-
field of an array of air guns from the minimum number of pres-
sure measurements made at known positions in the vicinity of
the gun ports.

Under normal firing conditions, an air-gun bubble expands
to several hundred times the volume of the air gun (Ziolkowski,
1970). At its maximum size, the bubble is still small compared
with the wavelengths of the pressure wave it generates in the
water, and it can therefore be treated as a spherically symmet-
ric source. It is well known that close to the bubble the main
effect is the oscillation of the fluid as if it were almost incom-
pressible, while far from the bubble the linear acoustic approx-
imation describes the acoustic radiation. The problem is that
the incompressible fluid approximation forbids acoustic radia-
tion and the linear acoustic approximation forbids oscillations
of the bubble, so it is not obvious how to derive the acoustic ra-
diation from the bubble oscillations that cause it. The radiated
pressure from a spherical oscillating bubble has been studied
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since Rayleigh’s paper (1917) and has been of interest to explo-
ration geophysicists, especially for understanding the pressure
field of air guns.

In 1923 Lamb wrote, “The accurate equations of motion of
spherical waves in a compressible medium are easily formu-
lated, although a solution seems at present hopeless.” Two el-
ements of the solution are critical for our application: (1) the
equation of motion of the bubble and (2) the equations de-
scribing the wavefield outside the bubble. Numerical solutions
for these elements have been proposed by a number of authors,
but every approach involves several approximations that lead
to solutions whose accuracy is difficult to quantify.

Herring (1941) derived the exact wave equation first derived
by Lamb and then found the equation of motion of the bubble,
which is nonlinear, by an iterative approach of successive ap-
proximations, starting with the incompressible case, following
the work of Rayleigh (1917).

Kirkwood and Bethe (1942) derived the same exact wave
equation and postulated that the propagation velocity c̄ in the
moving medium is equal to the speed of sound c plus the
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particle velocity v. They remarked, “An exact determination
of c̄ or even a rigorous proof that c̄ possesses the properties hy-
pothetically ascribed to it appears to be prohibitively difficult.”

Gilmore (1952) used the Kirkwood–Bethe hypothesis to de-
rive the equation of motion of the oscillating bubble—very
similar to Herring’s, but with corrections to each term. He also
developed a numerical scheme which, unfortunately, requires
further appproximations to calculate the wavefield propagat-
ing away from the bubble. Thus the computed wavefield is
of lower accuracy than the equation of motion of the bubble
and the Kirkwood–Bethe hypothesis itself. All these references
are contained in a very comprehensive review paper by Flynn
(1964). Ziolkowski (1970) uses Gilmore’s scheme in the first
attempt to model the sound wave produced by an air gun.

Keller and Kolodner (1956), in a paper that forms the basis of
much work on air-gun bubbles by geophysicists (e.g., Schulze-
Gattermann, 1972; Safar, 1976; Johnston, 1980), quote Lamb’s
equation in their introduction, attributing it to Herring (1941);
but they do not attempt to solve it. They begin their analysis
with the assumption that the particle velocity potential obeys
the linear acoustic spherical wave equation but give no justifi-
cation or reference for this. They then make further approxi-
mations that are not quantified to arrive at a nonlinear equation
of motion almost identical with the one derived by Herring.

Flynn (1975) gives a mathematical formulation of the bub-
ble oscillations but uses Herring’s (1941) approach of iteration
by successive approximations to derive the equation of motion
of the bubble. Vokurka (1986), in a comparison of the differ-
ent bubble models, concludes that Gilmore’s adaptation of the
Kirkwood–Bethe approximation remains irreplaceable in the
studies of shock waves and strong pressure pulse propagations.

This paper presents a new algorithm that is essentially a
straightforward extension of Lamb’s original (1923) paper
(hinted at by Lamb) and which provides a continuous, smooth
transition from the oscillating wall of the bubble to the far field,
preserving both the fluid flow and the acoustic radiation—all to
the same accuracy and valid for bubbles with initial pressures
up to about 200 atm (3000 psi or 20 MPa). Given the initial
bubble radius, the bubble wall velocity, and the pressure vari-
ation at any point inside or outside the bubble, the algorithm
can be used to calculate the bubble motion and the acoustic
wavefield. The interaction between air-gun bubbles and the re-
sultant total wavefield is formulated using the notional source
concept of Ziolkowski et al. (1982).

The immediate commercial application of this algorithm is
the computation of the wavefield of an air gun array from mea-
surements of the pressure field made with gun-mounted sen-
sors close to the gun ports. The method of Ziolkowski et al.
(1982) for the computation of the wavefield using near-field
hydrophones placed in the linear part of the pressure field is
shown to be a special case of this more general approach. A sci-
entific application of the algorithm is to look inward to increase
understanding of the thermodynamics of oscillating bubbles.

METHOD

Lamb’s exact wave equation for the particle velocity poten-
tial is derived. This has no known analytical solution, so a nu-
merical solution must be found.

Following the analysis of Lamb himself (1923, 1945), it is
shown that this exact wave equation differs from the linear

wave equation by two additional terms that are always very
small for normal air-gun bubbles. It follows that, to a very good
first approximation, the particle velocity potential can be con-
sidered to obey the linear wave equation for air-gun bubbles,
as in Keller and Kolodner (1956). This approximation is used
to calculate the nonlinear second-order terms in the basic dy-
namic and kinematic equations in the water without further
approximation (unlike Keller and Kolodner), leading to a new
formulation of the equation of motion of the bubble and an
algorithm to calculate the pressure and particle velocity every-
where. Thus, the pressure inside the bubble of a single air gun
is related to the bubble radius by the initial conditions and the
equation of motion of the bubble. The pressure and particle
velocity outside the bubble are related to the conditions at the
bubble wall by the basic dynamic and kinematic equations in
the water.

The interaction among air-gun bubbles occurs as changes in
the water pressure on the outside of the bubbles. Thus, a bub-
ble oscillating near to another bubble does not oscillate in the
same manner that it would if the other bubble were not there.
Therefore, the pressure wave it generates is different from the
wave it generates when it is oscillating on its own. The non-
linear oscillations are coupled. In an array of air-gun bubbles,
each bubble oscillates in the pressure field of the other bubbles,
and any change in one bubble affects all the others. Ziolkowski
et al. (1982) argue that the effect on the bubble oscillations of
the dynamic interaction pressure on the outside of each bub-
ble could be made by an equal and opposite pressure on the
inside of the bubble, the notional bubble oscillating in water
of hydrostatic pressure and therefore behaving independently
of the other bubbles. Since all these notional bubbles are still
small compared with a wavelength, the pressure wave gener-
ated by each bubble is spherical. The pressure field in the water
is then simply the superpositon of the spherical waves from all
the notional bubbles plus the reflections of these wave from
the water surface. The notional source concept thus allows the
principle of superposition to be used even though the equation
of motion of each bubble is nonlinear.

MODEL OF A SINGLE BUBBLE

The model of a single bubble is illustrated in Figure 1. The os-
cillating bubble is considered to be spherical at all times t , with
radius R(t) and internal pressure P(t). The effects of gravity
and the effects of the free surface of the water are neglected.
The flow in the water is assumed to be inviscid and purely ra-
dial, and all quantities in the water are functions only of time
and radial distance r from the center of the bubble.

Inside the bubble the pressure is considered to be uniform;
outside, the pressure is governed by the bubble motion and the
wave propagation in the fluid. At the bubble wall the pressure
is continuous, but the pressure gradient is discontinuous, as
indicated by the instantaneous pressure profile in Figure 1.

BASIC EQUATIONS

Following Lamb (1923), the water is assumed to be invis-
cid and to have pressure p, which is a definite function of the
density ρ, such that the enthalpy h may be described as

h =
∫ p

p∞

dp

ρ
=
∫ ρ

ρ∞
c2 dρ

ρ
, (1)
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where ρ∞ is the undisturbed density and the speed of sound c
is defined by

c2 = dp

dρ
. (2)

Since the flow is irrotational, the particle velocity v is the gra-
dient of a particle velocity potential φ:

v = −∇φ. (3)

The equation of motion is

∇h = −Dv
Dt
, (4)

in which (D/Dt) is the total, or Lagrangian, derivative follow-
ing the particle motion. Equation (4) can integrated to give the
dynamic equation

h = ∂φ

∂t
− v

2

2
, (5)

in which v is the magnitude of the vector v. The equation of
continuity, or kinematic equation, may be written as

1
ρ

Dρ

Dt
= ∇2φ. (6)

From equations (1) and (6) it follows that

Dh

Dt
= c2

ρ

Dρ

Dt
= c2∇2φ. (7)

FIG. 1. Model of a single bubble with its instantaneous pressure
profile.

LAMB’S EXACT WAVE EQUATION
IN SPHERICAL COORDINATES

Now, imposing spherical symmetry and eliminating h be-
tween equations (5) and (7) yields

∂2φ

∂r 2

(
1− v

2

c2

)
+ 2

r

∂φ

∂r

(
1+ r

c2

∂2φ

∂t∂r

)
− 1

c2

∂2φ

∂t2
= 0. (8)

This equation was first derived by Lamb (1923) and has no
known analytical solution. To find a suitable solution requires
approximations. The approach adopted here is to preserve all
essential features of the fluid flow while maintaining the lin-
ear acoustic approximation at large distances from the bubble.
The linear acoustic approximation is discussed first, then the
incompressible flow approximation. It is shown below that the
particle velocity potential obeys the linear acoustic wave equa-
tion to a good first-order approximation for our problem. This
solution is then used to calculate the second-order terms re-
quired to specify the fluid flow.

LINEAR ACOUSTIC APPROXIMATION

“When the problem is completely linearized the distinction
between the material and spatial descriptions of the motion
vanishes altogether” (Achenbach, 1990). Thus the total time
derivative (D/Dt) reduces to the partial time derivative (∂/∂t),
the dynamic equation (5) becomes simply

h = ∂φ

∂t
, (9)

and the kinematic equation (7) becomes

∂h

∂t
= c2∇2φ. (10)

Eliminating h between equations (9) and (10) yields the linear
acoustic wave equation,

∂2φ

∂t2
= c2∇2φ, (11)

which, with spherical polar symmetry, has the form

∂2φ

∂r 2
+ 2

r

∂φ

∂r
− 1

c2

∂2φ

∂t2
= 0 (12)

with the well-known solution

φ = 1
r

f

(
t − r

c

)
. (13)

The exact wave equation (8) is similar to the linear acoustic
wave equation (12) but contains two extra terms. The first of
these terms is clearly small if the particle velocity is small com-
pared with the speed of sound. Lamb (1923) showed this is also
true of the second term. To follow his reasoning, it is necessary
to consider the approximation of incompressible flow.

INCOMPRESSIBLE FLOW APPROXIMATION

A good description of the fluid flow can be obtained by as-
suming the water to be incompressible. This is particularly im-
portant close to the bubble where the particle velocity is highest
and the nonlinear terms are most important.



2012 Ziolkowski

The density is constant; therefore, from the kinematic equa-
tion (7),

Dρ

Dt
= 0 = ∇2φ. (14)

With spherical polar symmetry this may be written as

∇2φ = 1
r 2

∂

∂r

(
r 2 ∂φ

∂r

)
= 0, (15)

which can be integrated to give

−∂φ
∂r
= ġ(t)

r 2
= v = R2 Ṙ

r 2
(16)

and integrated again to give

φ = ġ(t)
r
= R2 Ṙ

r
, (17)

with the potential at infinity being zero, ġ(t) being the total
time derivative of a time function g(t), and Ṙbeing the particle
velocity at the bubble wall r = R. By integrating equation (17),
it is seen that the function g(t) is related to the instantaneous
volume VB(t) of the bubble as follows:

g(t) = R3

3
= VB(t)

4π
. (18)

The changes in the particle velocity potential φ propagate in-
stantaneously in an incompressible fluid and with finite velocity
c in the linear acoustic case.

Using equations (1), (16), and (17), the dynamic equation (4)
for the incompressible fluid may be written as

p− p∞
ρ∞

= ∂φ

∂t
− v

2

2
= R2 R̈+ 2RṘ2

r
− R4 Ṙ2

2r 4
, (19)

which is the equation of motion of the water. At the bubble
wall this becomes

P − p∞
ρ∞

= RR̈+ 3
2

Ṙ2, (20)

in which P(t) is the pressure in the bubble. Equation (20) is the
equation of motion of the bubble wall and was first derived by
Rayleigh (1917).

LAMB’S ANALYSIS OF NONLINEAR TERMS IN EXACT
WAVE EQUATION

For an incompressible fluid, equation (14) applies and equa-
tion (8) may be written in the following way:

∂2φ

∂r 2
+ 2

r

∂φ

∂r
= 1

c2

[
∂2φ

∂t2
− 2

∂φ

∂r

∂2φ

∂r ∂t
+
(
∂φ

∂r

)2
∂2φ

∂r 2

]
= 0.

(21)
Assuming an adiabatic equation of state for the gas in the bub-
ble, Lamb (1923) found an analytical solution of the equation
of motion (20) for the special case of the ratio of the specific
heats γ =Cp/Cv being equal to 4/3. He then used equation (17)
combined with his analytical solution for R to find how big the
second and third (nonlinear) terms in the square brackets of
equation (21) could get. He found these terms are proportional
to the square root of the initial pressure and would be less than

1% for initial pressures up to about 1000 atm, when the maxi-
mum particle velocity would be 145 m/s or about one-tenth the
speed of sound. Lamb wrote (1923), however, “The argument
is of course far from rigorous, but it is of a kind to which we are
often constrained to have recourse in mathematical physics.”

Since air guns operate at pressures of normally not more
than 200 atm, it is probably safe to assume that the particle
velocity potential can be assumed to obey the linear acoustic
wave equation with negligible error.

DERIVATION OF THE EQUATION OF MOTION
OF THE BUBBLE IN THE NONLINEAR

ACOUSTIC APPROXIMATION

The goal of this paper is to find a numerical solution to the
problem with a single approximation that is valid for a known
range of pressures throughout the water. I call this the nonlin-
ear acoustic approximation. The particle velocity potential φ is
now assumed to obey the linear acoustic wave equation (12),
with the solution given by equation (13). This solution is now
substituted into the basic dynamic equation (5) to yield

∂φ

∂t
= h+ v

2

2
= 1

r
f ′
(

t − r

c

)
, (22)

in which the prime denotes differentiation with respect to the
argument. This is the crucial step in deriving the nonlinear
equation of motion. Arguing as Gilmore (1952) did, it follows
that the quantity r [h+ (v2/2)] propagates outward at velocity
c without change in amplitude. Therefore,

∂

∂r

[
r

(
h+ v

2

2

)]
= −1

c

∂

∂t

[
r

(
h+ v

2

2

)]
= −1

c
f ′′
(

t− r

c

)
.

(23)
Carrying out the differentiation in equation (23) yields

h+ v
2

2
+ r

∂h

∂r
+ r v

∂v

∂r
= −r

c

∂h

∂t
− r v

c

∂v

∂t
. (24)

To get at the equation of motion, following the particle paths,
the partial derivatives (∂h/∂r ), (∂h/∂t), (∂v/∂r ), and (∂v/∂t) in
equation (24) need to be expressed in terms of total derivatives.
First, with spherical polar symmetry the equation of motion (4)
becomes

∂h

∂r
= −Dv

Dt
, (25)

in which
D

Dt
= ∂

∂t
+ v ∂

∂r
. (26)

Then, from equations (25) and (26), it follows that

∂h

∂t
= Dh

Dt
+ v Dv

Dt
. (27)

From equations (3) and (7) it is found that

∂v

∂r
= − 1

c2

Dh

Dt
− 2v

r
. (28)

From equations (26) and (28),

∂v

∂t
= Dv

Dt
+ v

c2

Dh

Dt
+ 2v2

r
. (29)
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Substituting these expressions into equation (24) and rearrang-
ing yields

r
Dv

Dt

(
1− 2v

c

)
+ 3v2

2

(
1− 4v

3c

)
= h+ r

c

Dh

Dt

(
1− v

c
+ v

2

c2

)
,

(30)
in which (v2/c2) is clearly negligible since the peak value of
(v/c) is less than 0.01. This is the equation of motion of the
fluid. At the bubble wall this becomes

RR̈

(
1− 2Ṙ

c

)
+ 3Ṙ

2

2

(
1− 4Ṙ

3c

)
= H + RḢ

c

(
1− Ṙ

c

)
,

(31)
in which H(t) is the enthalpy at the bubble wall and, applying
equation (4), is given by

H(t) = ∂φ

∂t
− Ṙ2

2
. (32)

It is seen from equation (2) that the speed of sound cbecomes
infinite if the water is incompressible, and equation (31) then
reduces to equation (20), as it should.

COMPARISON WITH KIRKWOOD–BETHE
APPROXIMATION

It is of interest, given the history of this problem, to com-
pare equation (31) with the equation of motion that Gilmore
derived using the Kirkwood–Bethe approximation. Kirkwood
and Bethe (1942) proposed that the particle velocity potential
propagates with a speed c+ v. Equation (23) thus becomes

∂

∂r

[
r

(
h+ v

2

2

)]
= − 1

c+ v ·
∂

∂t

[
r

(
h+ v

2

2

)]
, (33)

which, on carrying out the differentiation and using the
same expressions for the partial derivatives (∂h/∂r ), (∂h/∂t),
(∂v/∂r ), and (∂v/∂t) as above, yields an equation of motion in
the water. At the bubble wall this equation is

RR̈

(
1− Ṙ

c

)
+ 3Ṙ

2

2

(
1− Ṙ

3c

)

= H

(
1+ Ṙ

c

)
+ RḢ

c

(
1− Ṙ

c

)
. (34)

This is the equation of motion Gilmore derived. It of course
contains the same four main terms, but it differs from equa-
tion (31) in the first-order corrections, of order (Ṙ/c), as
expected. The difficulty with this approximation is the com-
putation of the wavefield in the water, as mentioned in the
introduction and explained in the next section.

PRESSURE AND PARTICLE VELOCITY IN THE WATER

Using solution (13) in equation (3), the particle velocity in
the water can be expressed as

v(r, t) = −∂φ
∂r
= 1

r 2
f

(
t − r

c

)
+ 1

rc
f ′
(

t − r

c

)
, (35)

while the enthalpy is obtained by using solution (13) in equa-
tion (5) to give

h(r, t) = 1
r

f ′
(

t − r

c

)
− v

2

2
. (36)

The pressure must be a known function of the density. It can
then be extracted from the enthalpy. The Tait equation is used
by Gilmore (1952) and Ziolkowski (1970). This could be done
here, but it is probably not necessary. For the expected pressure
variations in the water, it is reasonable to assume the density is
constant in equation (1). This can be seen by examining equa-
tion (2). For an instantaneous peak pressure 1p of 20 MPa
(3000 psi),1ρ becomes about 9 kg/m3 and1ρ/ρ is<0.01. This
is the maximum possible instantaneous error that can be made.
For most of the oscillation, the error is much less than this at
the bubble wall and decreases approximately inversely with
the distance away from the bubble. With this approximation
equation (36) becomes

p(r, t)− p∞
ρ∞

= 1
r

f ′
(

t − r

c

)
− v

2(r, t)
2

. (37)

It is not critical to the argument to assume the density is
constant. It is done here only to avoid complications that are
not required for this level of accuracy.

Given f (t) and its first derivative f ′(t), the particle velocity
and pressure can be found anywhere in the water from equa-
tions (35) and (37). The remainder of this paper is concerned
with developing a scheme to determine f (t) and f ′(t) from
measurements. In addition, the time-varying pressure and vol-
ume functions of the bubble can be found.

It is interesting again to compare this approach with the
Kirkwood–Bethe approximation, which begins with the as-
sumption that the particle velocity potential obeys the equation

φ = 1
r

fK−B

(
t − r

c+ v
)
. (38)

The particle velocity v is the gradient of this function, which
is a function not only of the independent variables r and t but
also of v itself. Gilmore (1952) found it necessary to make fur-
ther approximations to avoid this difficulty; thus, the pressure
and particle velocity in the water are not calculated to the same
precision as the equation of motion (33). This shortcoming is re-
peated in my own paper (Ziolkowski, 1970). It is exactly this ad-
ditional level of approximation that this paper sets out to avoid.

RECURSIVE ALGORITHM TO DETERMINE WAVE
FUNCTION FROM PRESSURE MEASUREMENT IN WATER

Suppose there is a pressure measurement in the water at a
known distance r from the center of the bubble,

m(r, t) = p(r, t)− p∞, (39)

consisting entirely of the outgoing wave from the bubble and
no reflections from the sea surface or sea floor. Its derivatives
m′(r, t) and m′′(r, t) can be computed. Suppose the value of
v(r, t) is known at some time t = τ . Then the following values
of the functions f ′(t) and f (t) can be found from equations (37)
and (35):

f ′
(
τ − r

c

)
= r

[
m(r, τ )
ρ
+ v

2(r, τ )
2

]
(40)
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and

f

(
τ − r

c

)
= r 2

[
v(r, τ )− m(r, τ )

ρc
− v

2(r, τ )
2c

]
. (41)

By successive differentiation of equations (37) and (35), ex-
pressions for f ′′(t), f ′′′(t), v′(t), and v′′(t) can be found which,
for t = τ , are as follows:

f ′′
(
τ− r

c

)
=

r

m′(r, τ )
ρ

+
v(r, τ ) f ′

(
τ − r

c

)
r 2


(

1− v(r, τ )
c

) , (42)

v′(r, τ ) = 1
r 2

f ′
(
τ − r

c

)
+ 1

rc
f ′′
(
τ − r

c

)
, (43)

f ′′′
(
τ − r

c

)
=

r

m′′(r, τ )
ρ

+ v′2(r, τ )+
ν(r, τ ) f ′′

(
τ − r

c

)
r 2


(

1− ν(r, τ )
c

) , (44)

and

v′′(r, τ ) = 1
r 2

f ′′
(
τ − r

c

)
+ 1

rc
f ′′′
(
τ − r

c

)
. (45)

Then an estimate of v(r, τ +1τ ) can be made using the trun-
cated Taylor expansion,

v(r, τ +1τ ) = v(r, τ )+ v′(r, τ )1τ + v′′(r, τ )
(1τ )2

2
.

(46)

Equations (40) to (46) represent a recursive scheme to deter-
mine f (t) and f ′(t) from the pressure measurement m(r, t)
and an initial value of the particle velocity at the measurement
position. From f (t) and f ′(t) the pressure and particle veloc-
ity can be computed everywhere in the water, including the
bubble wall.

The initial value of the particle velocity needs to be known
to start the recursion. It can be found by trial-and-error if there
are two pressure measurements at different distances, for in-
stance, at r1 and r2. The initial value of the particle velocity at
r1 is assumed, and the pressure measurement at r1 is used to
compute the pressure at r2. The assumed value is adjusted until
the measured and calculated pressures match. This is demon-
strated in the Appendix with real measurements made on a
single air gun.

The scheme can be rearranged in a number of ways. It is prob-
ably more convenient to assume the initial value of f (t) rather
than the particle velocity at some arbitrary point in the water
because this is related directly to the motion of the bubble.

RECURSIVE ALGORITHM TO DETERMINE PRESSURE
AND VOLUME OF BUBBLE FROM PRESSURE

MEASUREMENT IN WATER

Suppose the volume of the bubble is known at some time
t = τ . The bubble radius is then

R(τ ) =
(

3VB(τ )
4π

) 1
3
. (47)

Using equations (35) and (43) for r = R, the particle velocity
and acceleration at the bubble wall can then be expressed in
terms of the wave function as follows:

Ṙ(τ ) = 1
R(τ )2

f (τ )+ 1
R(τ )c

f ′(τ ) (48)

and

R̈(τ ) = 1
R(τ )2

f ′(τ )+ 1
R(τ )c

f ′′(τ ), (49)

in which the time delay R/c is neglected because the bubble is
small compared with all wavelengths of interest. Equation (37)
applied at the bubble wall gives the pressure in the bubble

P(τ ) = p∞ + ρ
[

1
R(τ )

f ′(τ )− Ṙ2(τ )
2

]
. (50)

The bubble radius at time τ + 1τ may be estimate using the
following truncated Taylor expansion:

R(τ +1τ ) = R(τ )+ Ṙ(τ )1τ + R̈(τ )
(1τ )2

2
. (51)

Equations (47) to (51) represent a recursive scheme to de-
termine the internal pressure and volume of the bubble as a
function of time. The scheme requires the initial value of the
bubble volume to start it off. This can be found by trial-and-
error, for example, by comparing the computed value of the
pressure inside the bubble with a measurement made inside
the bubble. This is demonstrated in the Appendix with mea-
surements made on a single air gun.

RECURSIVE ALGORITHM TO DETERMINE WAVE
FUNCTION AND PRESSURE AND VOLUME OF BUBBLE

FROM PRESSURE MEASUREMENT MADE INSIDE BUBBLE

Suppose the bubble radius R and bubble wall velocity Ṙ are
known at some time t = τ and there is a pressure measurement

M(t) = P(t)− p∞ (52)

made inside the bubble. The instantaneous pressure inside the
bubble at time τ is assumed to be uniform and is simply

P(τ ) = M(τ )+ p∞. (53)

The time derivatives of the measurement can be computed.
Then from equation (1), neglecting the very small changes in
density caused by the compressibility of the water, the instan-
taneous enthalpy of the water at the bubble wall is

H(τ ) = M(τ )
ρ

. (54)

Hence,

Ḣ(τ ) = M ′(τ )
ρ

(55)
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and

Ḧ(τ ) = M ′′(τ )
ρ

. (56)

Applying equations (37) and (35) at the bubble wall and ne-
glecting the time delay R/c yields the first derivative of the
wave function and the wave function itself:

f ′(τ ) = R

[
H(τ )+ Ṙ2(τ )

2

]
(57)

and

f (τ ) = R2
[

Ṙ(τ )− f ′(τ )
Rc

]
. (58)

The equation of motion (31) can be rearranged to give the
bubble wall acceleration:

R̈(τ ) =

H(τ )+ R(τ )Ḣ(τ )
c

(
1− Ṙ(τ )

c

)
− 3Ṙ2(τ )

2

(
1− 4Ṙ(τ )

3c

)
R(τ )

(
1− 2Ṙ(τ )

c

) .

(59)

It is necessary to compute R
...

, and of course equation (59)
may be differentiated. However, R

...
is needed only to calcu-

late a second-order term in a Taylor series below, so it needs
to be accurate only to first order. It is known from the non-
linear acoustic analysis above that the factors in brackets in
equation (59) are almost equal to one. An approximate first
derivative of equation (59) is, therefore,

R̈(τ ) = Ḣ(τ )
R(τ )

− H(τ )Ṙ(τ )
R2(τ )

+ Ḧ(τ )
c

− 3Ṙ(τ )R̈(τ )
R(τ )

+ 3Ṙ3(τ )
2R2(τ )

. (60)

The bubble wall velocity and radius can then be estimated at
time τ +1τ using the truncated Taylor series:

Ṙ(τ +1τ ) = Ṙ(τ )+ R̈(τ )1τ + R
...

(τ )
(1τ )2

2
(61)

and

R(τ +1τ ) = R(τ )+ Ṙ(τ )1τ + R̈(τ )
(1τ )2

2
. (62)

Equations (53) to (62) represent a recursive scheme to obtain
the pressure and radius of the bubble as a function of time
as well as the propagating wave function in the water, given
a measurement of the pressure inside the bubble and initial
values of the bubble radius and bubble wall velocity. As before,
these initial values can be obtained by trial-and-error, provided
a measurement of the pressure in the water is available. This
pressure can be found from equations (35) and (37) using the
functions f (t) and f ′(t) obtained with the above scheme.

APPLICATION TO ARRAYS OF AIR GUNS WITH PRESSURE
MEASUREMENTS AT GUN PORTS

An array of air guns can be monitored and studied using
pressure transducers mounted on the guns close to the ports.
The measurements would also give all necessary information
on gun timing for tuning the array. In what follows, the bubbles
are assumed to be centered initially on the gun ports and to
rise to the surface at constant velocity (Parkes et al., 1984;
Ziolkowski and Johnston, 1997) while the air-gun array and
hydrophones move forward with the vessel. [This assumption
is not essential to the argument. Reviewer Martin Landrø has
kindly pointed out that the bubble rise velocity is not constant.
Herring (1941) shows it is

vz(t) = −dz

dt
= 2g

R(t)3

∫ t

0
R3(τ ) dτ,

in which z is depth, g is the acceleration from gravity, and
R(t) is the bubble radius at time t . Since R(t) is calculated
in the scheme, this formulation for nonconstant velocity vz can
easily be incorporated by replacing constant velocity terms of
the form vzt with

∫ t
0 vz(τ ) dτ .] The origin of the right-hand

Cartesian coordinate system is at the surface of the water, with
the x-axis pointing directly behind the vessel and the z-axis
pointing downward, as shown in Figure 2. A new origin is taken
at each shotpoint.

Consider an array of n air guns, each of which has a pressure
transducer, or hydrophone, mounted within centimeters of the
gun ports. The guns may be as close as 1 m within a cluster
but normally are meters apart. The guns are assumed to be
arranged such that no two guns are so close that their bubbles
coalesce in the time interval of interest. As described above,
there is interaction among the oscillating bubbles. The notional
source concept of Ziolkowski et al. (1982) regards each oscil-
lating bubble as an acoustic monopole because it is small com-
pared with a wavelength. The pressure acting on the outside
of any bubble is hydrostatic pressure plus all the contributions
from the other bubbles and their sea surface reflections. The

FIG. 2. Coordinate system, showing the i th air gun and its pres-
sure transducer.
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notional source concept treats all these interaction effects as if
the bubbles were monopoles.

Let the coordinates of the center of the ports of the i th gun
be (xgi , ygi , zgi ) and the coordinates of the pressure transducer
on the i th gun be (xhi , yhi , zhi ) at time t = 0. Let the time at
which the i the gun fires be τi . At time t the coordinates of the
kth pressure transducer are (xhk − vxt, yhk, zhk), in which vx

is the forward velocity of the vessel relative to the water. The
coordinates of the center of the i th bubble are (xgi − vxt +
νxτi , ygi , zgi − νzτi ), in which vz is the bubble rise velocity. At
time t the distance from the center of the i th bubble to the kth
transducer is

rik(t) = [(xgi + vxτi − xhk)2 + (ygi − yhk)2

+ (zgi − vzτi − zhk)2] 1
2 (63)

and the distance from the center of the i th virtual bubble (the
image of the i th bubble in the sea surface) to the kth hydro-
phone is

rgik(t) = [(xgi + vxτi − xhk)2 + (ygi − yhk)2

+ (zgi − vzτi + zhk)2] 1
2 . (64)

Using the notional source concept and equation (35), the par-
ticle velocity at a distance r ik(t) from the i th bubble is

vi (rik(t)) = 1
r 2

ik(t)
fi

(
t − rik(t)

c

)

+ 1
rik(t)c

f ′i

(
t − rik(t)

c

)
, (65)

in which fi (t) is the wave function of the i th bubble. From
equation (36) the pressure at a distance r ik from the i th bubble
is

pi (rik(t)) = 1
rik(t)

f ′i

(
t − rik(t)

c

)
− v

2
i (rik(t))

2
. (66)

Air guns normally operate at depths of several meters. The
nonlinear terms can therefore be neglected in the interaction
effects of the virtual sources. Thus, the pressure acting at a
distance rgik(t) from the i th virtual source is simply

pi (rgik(t)) = − 1
rgik(t)

f ′i

(
t − rgik(t)

c

)
, (67)

in which the sea surface reflection coefficient is assumed to be
−1.

At the instant of firing, the air begins to escape from the guns
and the bubbles begin to form. Each gun-mounted pressure
transducer is about to be enveloped by the bubble from its
gun. In practice the guns do not fire simultaneously but in a
sequence, which may vary slightly from shot to shot. Suppose
the j th gun fires first. Then the j th hydrophone is the first to
register any signal and, until any other signals arrive at this
hydrophone, the measured pressure is

phj (t) = pj (r j j (t)). (68)

Given the initial bubble radius and bubble wall velocity of
the j th bubble, the wave function and bubble motion can be

calculated according to the schemes described earlier [equa-
tions (39)–(46) and equations (47)–(51), respectively]. This
scheme may be repeated at each hydrophone until it begins
to receive signals from other guns. At this point the pres-
sure at, say, the kth hydrophone is the superposition of the
pressure fields of all the notional bubbles and their virtual
images:

phk(t) =
n∑

i=1

pi (rik(t))+
n∑

i=1

pi (rgik(t)). (69)

The contribution to this pressure by the direct wave from the
kth gun is not known at time t , but the contribution from its
virtual source is known from previous time steps. Similarly,
the contributions at time t from all the more distant guns are
known from previous time steps. Therefore, the contribution
of the kth gun can be computed by subtraction:

pk(rkk(t)) = phk(t)−
n∑

i=1
i 6=k

pi (rik(t))+
n∑

i=1

pi (rgik(t)),

(70)

and its wave function and bubble motion can then be com-
puted as described earlier. This scheme holds as long as the
hydrophone is outside the bubble, that is, if

rkk(t) > Rk(t). (71)

When the transducer becomes enveloped by the bubble wall
a different scheme operates. Consider a pressure measurement
phk(t) on the inside of the kth bubble made with the kth pres-
sure transducer. The pressure within the bubble is regarded as
uniform. The pressure measurement is related to the absolute
pressure Pk(t) inside the bubble as

phk(t) = Pk(t)− p∞, (72)

where p∞ is hydrostatic pressure. The pressure acting on the
outside of the kth bubble can be expressed as

pwk(t) = p∞ +
1∑

i=1
i 6=k

pi (rik(t))+
n∑

i=1

pi (rgik(t)). (73)

Therefore the pressure difference between the inside of the
bubble and the outside of the bubble is

Pdk(t) = Pk(t)− pwk(t)

= phk(t)−
n∑

i=1
i 6=k

pi (rik(t))+
n∑

i=1

pi (rgik(t))

= Pk(t)−
n∑

i=1
i 6=k

pi (rik(t))+
n∑

i=1

pi (rgik(t))− p∞.

(74)

Thus, the pressure difference across the wall of the kth bubble is
the same as the pressure difference across the wall of a notional
bubble whose internal pressure is Pk(t) − ∑n

i=1
i 6=k

pi (r ik(t)) +∑n
i=1 pi (rgik(t)) and whose external pressure is p∞. The non-

linear equation of motion of the kth bubble is obtained from
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equation (31) as

Rk R̈k

(
1− 2Ṙk

c

)
+ 3Ṙ2

k

2

(
1− 4R̈k

3c

)

= Hk + RḢk

c

(
1− Ṙk

c

)
, (75)

in which

Hk(t) = phk(t)− pwk(t)− p∞
ρ∞

(76)

and

Ḣ k(t) = ph′k(t)− pw′j (t)

ρ∞
(77)

and the prime indicates differentiation with respect to the ar-
gument. The wave function of the kth bubble is obtained from
equations (57) and (58) as

f ′k(t) = Rk(t)
[

Hk(t)+ Ṙ2
k(t)
2

]
(78)

and

fk(t) = R2
k(t)

[
Ṙk(t)− f ′k(t)

Rk(t)c

]
. (79)

To compute the bubble motion and wave function of each
notional bubble, it is essential to use the principle of causality.
Wave propagation is causal. The interaction terms in the sum-
mations of equations (69) and (70) are obtained from the wave
functions of the bubbles known at previous times. At each time
step the procedure is to update all the quantities that need to
be computed for each bubble and then go to the next time step.
The algorithm contains, in an inner loop over the gun index i ,
equations (65) to (75) and an outer loop over the time index.
The algorithm is initialized using the initial values of the mea-
sured pressure and the initial values of the bubble radius and
bubble wall velocity of each bubble. These can be obtained in
a separate calibration experiment, which may be carried out at
the start of each line, as described in the next section.

CALIBRATION FOR INITIAL VALUES

The initial value of the bubble radius and bubble wall velocity
need to be known for each gun to start the recursion. As with
the single gun case, these values can be found by trial-and-error
if there are at least two pressure measurements at different
distances for each gun firing on its own. To obtain the required
data, it is necessary to fire each gun independently at the run-in
to each line and to record the signals on all the gun-mounted
pressure transducers. The signature for each gun lasts no longer
than one second. For a typical array of 30 guns, the time needed
to make the required calibration measurements is therefore of
the order of one minute.

The initial values of the bubble radius and bubble wall veloc-
ity for the i th gun are assumed, and the pressure measurement
at the i th transducer is used to compute the pressure at trans-
ducers on nearby guns. The assumed values of bubble radius
and bubble wall velocity are adjusted until the measured and
calculated pressures match. The procedure is repeated for all
guns until all required initial values of bubble radius and bubble
wall velocity are known.

COMPUTING A FAR-FIELD SIGNATURE FROM
COMPUTED WAVE FUNCTIONS

We now need to be able to compute the signature of the air
gun array at some point (x, y, z) in the water that is more than
1 m from any of the guns in the array and is more typically 100 m
below the air gun array. Since this point is not in the nonlinear
part of the pressure field of any of the sources, we can neglect
the nonlinear term in equation (66). Using the notional source
concept (Ziolkowski, 1982), the pressure at this point is the
superposition of the linear components of the spherical waves
generated by all the bubbles and their virtual images, or

p(x, y, z, t) =
n∑

i=1

1
ri (t)

f ′i

(
t − ri (t)

c

)

−
n∑

i=1

1
rgi (t)

f ′i

(
t − rgi (t)

c

)
, (80)

in which

ri (t) =
[
(xgi + vxτi − x)2 + (ygi − y)2

+ (zgi − vzτi − z)2] 1
2 (81)

is the distance from the i th bubble to this point and

rgi (t) =
[
(xgi + vxτi − x)2 + (ygi − y)2

+ (zgi − vzτi + z)2] 1
2 (82)

is the distance from the i th virtual bubble to this point.
This computation is essentially identical to that proposed by

Ziolkowski et al. (1982) and Parkes et al. (1984). The difference
is that in this case the functions f ′i (t) are obtained from pressure
measurements made anywhere (preferably with transducers
placed at the gun ports), whereas the method of Ziolkowski
et al. (1982) requires the pressure measurements to be made
in the linear pressure field (i.e., approximately 1 m or more
from the center of any bubble). The method of Ziolkowski
et al. (1982) is therefore a special case of this method.

CONCLUSIONS

Given the initial bubble radius, the initial bubble wall veloc-
ity, and the pressure variation at any point inside or outside the
bubble, an algorithm has been found to calculate the bubble
motion and the acoustic wavefield.

The particle velocity potential of an oscillating air-gun bub-
ble obeys a wave equation that has no analytical solution. A
numerical solution has been found by using the linear acoustic
approximation for the particle velocity potential and substitut-
ing this into the basic kinematic and dynamic equations for fluid
flow, leading without further approximations, to a new nonlin-
ear equation of motion for the bubble wall and the wavefield
in the water.

The interaction among air-gun bubbles and the resultant to-
tal wavefield is formulated using the notional source concept, in
which each bubble is replaced by an equivalent notional bubble
obeying the same nonlinear equation of motion but oscillating
in water of hydrostatic pressure, thus allowing the wavefields of
the notional bubbles to be superposed. A separate calibration
experiment using the same pressure transducers and firing the



2018 Ziolkowski

guns individually allows the initial values of the bubble radius
and bubble wall velocity to be determined for each gun.

The Appendix provides a test of the algorithm on real mea-
surements from a single gun and demonstrates that the pressure
field may be calculated in the far-field, in the near-field, and in-
side the bubble from a single pressure measurement made at
1 m.

As far as the algorithms are concerned, you can start with
a pressure measurement at any known point in the water or
in the bubble. With the test data it proved to be impossible
to start with the measurement made closest to the gun ports
(only 16 cm away) because the Bolt stainless steel sensor that
was used for the measurement had a frequency-dependent re-
sponse that was known at only a few frequencies. Ideally, this
measurement should be made with a device that has a constant
known sensitivity over the frequency bandwidth of interest, for
then no deconvolution would be required.

The immediate commercial application of the algorithms
presented here is the computation of the wavefield of an air
gun array from measurements of the pressure field made with
gun-mounted sensors close to the gun ports. The method of
Ziolkowski et al. (1982) for the computation of the wavefield
using near-field hydrophones placed in the linear part of the
pressure field has been shown to be a special case of this more
general approach. A scientific application of the algorithm is to
look inward to increase understanding of the thermodynamics
of oscillating bubbles.
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APPENDIX

MEASUREMENT OF AIR-GUN BUBBLE OSCILLATIONS: EXPERIMENT TO TEST THE METHOD ON REAL DATA

Anton Ziolkowski and Rodney Johnston

EXPERIMENTAL SETUP AND MEASUREMENTS
The objective of the experiment described here is to demon-

strate that measurements made in the nonlinear near-field and
in the bubble itself may be used to compute the pressure field
at any distance from the bubble.

Bolt Technology Corp. recorded the data presented here in
Lake Seneca, New York. The setup is depicted in Figure A-1.
A single Bolt air gun was deployed at a depth of 6 m below the
water’s surface. The near-field radiated pressure in the water
was measured with two sensors: a conventional hydrophone
1 m above the center of the gun ports and a small ceramic
sensor, known as the Bolt stainless steel (BSS) sensor, built
into the gun 16 cm from the center of the gun ports. This small

sensor is normally used to measure the time break. A far-field
hydrophone was also deployed 110 m below the gun. All mea-
surements were recorded using a Hewlett Packard HP 35665A
dynamic signal analyzer. The lake is approximately 200 m
deep.

Figure A-2 shows the first 500 ms of the signals received
at these three sensors for a single gun shot. The signals were
recorded at a sample interval of 0.00488 s to give 2048 samples
per second. The two hydrophones were calibrated, and each
one has a response that is essentially flat over the bandwidth of
interest; the sensitivity is independent of frequency. The BSS
sensor is linear, but its sensitivity is frequency dependent. The
frequency-dependent sensitivity of this particular sensor was



Measurement of Air-Gun Bubble Oscillations 2019

measured subsequently in a separate experiment, and the val-
ues are presented in Table A-1.

The impulse response of the BSS sensor is not known. We
found a plausible impulse response for this sensor, including
the recording system, by fitting an amplitude spectrum through
the measured amplitude values and including an antialias filter,
as shown in Figure A-3a; the phase spectrum was constrained to
be minimum phase and is shown in Figure A-3b. Both the am-
plitudes and the phases agree with the measured values given
in Table A-1. The estimated impulse response of the sensor,

FIG. A-1. Experimental setup, Lake Seneca.

Table A-1. Measured sensitivity of the BSS transducer in the
range 6–40 Hz.

Frequency Sensitivity Phase lag
(Hz) (volts/psi) (degrees)

6 0.007 60
8 0.0085 55

10 0.01 50
12 0.011 46
14 0.011 38
16 0.012 35
18 0.015 32
20 0.0125 25
30 0.013 18
40 0.014 15

including the recording system (shown in Figure A-4), is com-
puted by finding the inverse Fourier transform of the function
shown in Figure A-3. This is not ideal, but it is the best we could
do with the data available.

DATA PROCESSING AND RESULTS

We would have liked to use the BSS sensor measurement
to compute the far-field signature and compare it with the hy-
drophone measurement, using the near-field hydrophone to
calibrate the initial values of bubble radius and bubble particle
velocity. Since the response of the BSS sensor is not flat over
the bandwidth of interest, we would have had to deconvolve the
BSS sensor measurement for the BSS sensor impulse response

FIG. A-2. Measurements for one shot: (a) pressure at near-field
hydrophone, (b) voltage output from BSS sensor, and (c) far-
field hydrophone signal.
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FIG. A-3. Fitted transfer function of BSS transducer (solid
line), compared with laboratory measurements (squares): (a)
amplitude spectrum; (b) phase spectrum.

FIG. A-4. Estimated impulse response of BSS sensor: the inverse Fourier transform of the transfer function shown in Figure A-3.

to determine the true pressure at the sensor. We tried to do
this with the estimated minimum-phase impulse response of
Figure A-4 but were unable to obtain a satisfactory result.

Instead, we began with the near-field hydrophone measure-
ment, estimated the pressure at the BSS sensor, convolved this
estimate with the estimated impulse response of Figure A-4,
and compared the result with the BSS sensor measurement.
Computation of a far-field signature from a near-field mea-
surement made in the linear part of the pressure field 1 m from
the bubble is almost trivial, following Ziolkowski et al. (1982)
as we demonstrate below. The real test of theory is predicting
the pressure at the BSS sesnor, which initially is outside the
bubble in the nonlinear zone and then becomes enveloped by
the bubble. The data processing steps are described below.

Resampling to smaller sampling interval

The processing scheme is essentially a recursive integration
that requires the measured pressure signal to be differenti-
ated twice and uses truncated Taylor series. This guarantees
accumulation of errors. The errors in both differentiation and
integration are reduced if the sampling interval is reduced. To
minimize these errors, we resampled the data by transforming
to the frequency domain, padding with zeroes to increase the
Nyquist frequency, and transforming back to the time domain.
In this case increasing the Nyquist frequency by a factor of four
was sufficient to reduce errors to the point where they were in-
significant. The quality of the second derivative of the pressure
signal can be used as the criterion for this resampling.

We found it necessary to smooth the data very slightly before
resampling because the energy in the recording was not zero
at the Nyquist frequency.
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Removal of the source ghost

All the measurements include a reflection of the radiated
wave from the sea surface. The theory requires that the pure
outgoing pressure signal be known, uncontaminated by this re-
flection, or ghost. Equation (37) describes the outgoing pres-
sure wave. At 1 m the nonlinear second-order term is negligible.
The pressure at the hydrophone is therefore

p(t) = Vp(t)
h
= ρ

r (t)
f ′
(

t− r (t)
c

)
− ρ

rg(t)
f ′
(

t− rg(t)
c

)
,

(A-1)

in which Vp(t) is the recorded signal (the numbers on tape), h
is the overall sensitivity of the hydrophone and the recording
system, r (t) is the time-dependent distance between the hy-
drophone and the center of the rising bubble, rg(t) is the time-
dependent distance between the hydrophone and the center of
the sinking virtual bubble, and the sea surface reflection coef-
ficient is taken to be −1. The bubble rise velocity is assumed
to be constant, such that

r (t) = r (0)− vz · (t − tdelay) (A-2)

and

rg(t) = rg(0)− vz · (t − tdelay), (A-3)

FIG. A-5. Illustration of linear interpolation procedure to estimate the ghost.

in which r (0) is 1 m, rg(0) is 11 m, tdelay is the time the gun
fires after the start of recording, and vz is known (Parkes et al.,
1984; Ziolkowski and Johnston, 1997) to be about 1 m/s.

The second term in equation (A1) is the ghost. The ghost-free
source function f ′(t) is obtained recursively from the measure-
ment by rearranging equation (A1) to give

f ′
(

t − r (t)
c

)
= r (t)

ρ
p(t)+ r (t)

rg(t)
f ′
(

t − rg(t)
c

)
. (A-4)

Removal of the ghost is the addition of the second term on
the right side of equation (A4). The values of this term are
obtained by linear interpolation of previously computed values
of the function f ′(t). Normally, linear interpolation would be
inadequate; but we have already oversampled by a factor of
four, so at this point it is acceptable. For

t < tdelay + rg(0)
c

, (A-5)

the ghost has not arrived. The time delay between the arrivals
of the direct and reflected waves is

τ (t) = rg(t)− r (t)
c

, (A-6)

which in general corresponds to a noninteger number of sam-
ples and, hence, the need for interpolation, as shown in Fig-
ure A-5. The measured pressure signal at 1 m and the deghosted
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measurement (essentially f ′(t) multiplied by the density of wa-
ter) are shown in Figure A-6.

Integration scheme and constants

We begin with the deghosted pressure measurement shown
in Figure A-6, which is the quantity m(t) in equation (39)
required by the theory. The recursion for the determination
of the wave function from a pressure measurement in the wa-
ter is described earlier. It requires the first and second deriva-
tives of m(t), shown in Figure A-7, and the initial value of the
particle velocity at the hydrophone. This defines the constant
of integration required to integrate f ′(t) to obtain the wave

FIG. A-6. (a) Pressure measurement at 1 m; (b) same as (a), but
with source ghost removed. The slight reduction in amplitude
of the first peak is a result of smoothing before interpolation.

FIG. A-7. (a) First derivative of deghosted near-field pressure
signal shown in A6(b); (b) second derivative of same signal.

function f (t). We found a value of 0.13 m/s for this velocity.
The wave function and its first derivative are shown in Fig-
ure A-8.

The constant can be checked by comparing the predicted
pressure with the BSS sensor measurement. The sensor is ini-
tially in the water only 16 cm from the center of the gun ports
and clearly in the nonlinear zone where v2/2 term is not neg-
ligible. To compute this term requires equation (35), in which
both f ′(t) and f (t) need to be known. Of course the bub-
ble is expanding; after a few milliseconds it envelops the BSS
sensor, which then measures the pressure inside the bubble.
To determine the time at which this occurs, it is necessary to
compute the bubble radius as a function of time, using the re-
cursion described above, beginning with the initial value of the
bubble radius. At the instant the bubble wall reaches the BSS
sensor, the pressure in the bubble is given by equation (50)
and the dynamic pressure at the bubble wall is given by the
term

P(t)− p∞ = ρ
[

1
R(t)

f ′(t)− Ṙ2(t)
2

]
, (A-7)

in which Ṙ(t) is the bubble wall velocity. The initial bubble
radius is a second constant that needs to be found. We found
a value of 0.133 m. Figure A-9 shows the time-varying bub-
ble wall velocity, the bubble radius, and the absolute pressure
inside the bubble. Figure A-10 shows the computed pressure
at the BSS sensor, and Figure A-11 compares the BSS sensor
recording with the pressure function of Figure A-10, convolved
with the estimated impulse response of Figure A-4. As can be
seen, the agreement between the measured and computed sig-
nals is good.

For completeness in Figure A-12 we show the measured far-
field signature compared with the far-field signature computed

FIG. A-8. (a) The wave function f (t); (b) its first derivative
f ′(t).
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using the formula

pf (t)− p∞ = ρ

r
f ′
(

t − r

c

)
− ρ

rg
f ′
(

t − rg

c

)
, (A-8)

in which r is 110 m and rg is 122 m. The far-field measurement
is noisy and contains reflections from the lake floor; neverthe-
less, the match between the measurement and computation is
acceptable.

CONCLUSIONS

We have been able to compute the pressure field in the far-
field, in the near-field, and inside the bubble from a single pres-
sure measurement made at 1 m. Two constants of integration

FIG. A-9. Bubble motion: (a) bubble wall velocity; (b) bubble
radius; (c) bubble pressure.

FIG. A-10. Computed dynamic pressure at the BSS transducer.

FIG. A-11. Comparison of (a) measured BSS response with (b)
computed response: the convolution of the pressure A9 with
the estimated impulse response A4.
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FIG. A-12. Comparison of (a) far-field measurement with (b)
calculation.

need to be found by trial-and-error: the initial value of the
bubble radius R(0) and the initial value of the bubble wall
velocity. In this case we chose to start with the initial value of
the particle velocity at the near-field hydrophone v(0) rather
than with the bubble wall velocity. A correct choice of both
parameters allowed the predicted signal at the BSS sensor to be
a good match with the actual measurement, thus demonstrating
that the two required calibration constants can be determined
with a second pressure measurement. The two values we found
were R(0) = 0.133 m and v(0)= 0.13 m/s.

As far as the algorithms are concerned, you can start with
a pressure measurement at any known point in the water or
in the bubble. We would have preferred to start with the mea-
surement made by the BSS sensor at 16 cm from the gun ports,
as this has never been done before. This proved to be too dif-
ficult because we had an insufficiently precise description of
the frequency-dependent response of the sensor, which was
needed to deconvolve the measurement to recover the true
pressure. Ideally, this measurement should be made with a de-
vice that has a constant known sensitivity over the frequency
bandwidth of interest, for then no deconvolution would be
required.


